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' D I M E N S I O N A L  GAS FLOW 

Ye. 1 .  Grigor'yev and K. M .  Madomedov 

ABSTRACT. I n  t h e  method proposed c h a r a c t e r i s t i c  sur faces  
a r e  constructed and i n  place of tr igonometric representa- 
t i on  of parameters by one va r i ab le ,  a f i n i t e  d i f f e r e n t i a l  
approximation along a c e r t a i n  vector l y i n g  i n  t h e  charac- 
t e r i s t i c  su r f ace  is used. Derived information is ordered 
according t o  one of t h e  var iab les  d i s t r i b u t e d  along 
meridional planes,  u s i n g  a cy1 indr ica l  system of coordi- 
na tes .  I n  comparison w i t h  da ta  of o the r  methods using 
t h e  r e s u l t s  of ca l cu la t ion  of supersonic flow on a spher i -  
c a l l y  truncated cone a t  an angle by i n i t i a l  data on t h e  
c h a r a c t e r i s t i c  su r f ace  shows t h a t  t h e  new method more 
accura te ly  ref 1 ects t h e  preva 1 ent phys  i ca 1 pa r t  i cul a r s  . 
It can a l s o  b e  adopted t o  ex t r apo la t e  ca l cu la t ion  from 
t h e  i n i t i a l  da ta  o r  t o  obta in  the i n i t i a l  data f o r  
o the r  methods on non-c'haracterist ic su r f aces ,  and pro- 
v i d e s  a p rec i se  physical flow p ic tu re .  

. .  
Of t h e . q u a n t i t a t i v e  method: i n  use which are based on t h e  use _ _  of charac te r -  -II_ /1?13" 

i s t i c s ,  one can s o r t  'out two groups. 

c h a r a c t e r i s t i c  methods, t h e i r  cha rac t e r i s  t i c  su r f aces  a r e  constructed i n  the  

s o l u t i o n  process [l ,  21. The so-ca l led  t e t r a h e d r a l  o r  p r i sma t i c  diagrams can 

be a l l o t t e d  t o  t h i s  group. 

a r e  used t o  obta in  a four th .  

applied i n  [ 2 ] .  Unfortunately, i n  [2]  t h e  shock wave i s  ca l cu la t ed  i n c o r r e c t l y  

The first group is  made up of  e s s e n t i a l l y  

In t h e  t e t r a h e d r a l  diagram, t h r e e  known po in t s  

This diagram i s  developed i n  [l] and p r a c t i c a l l y  

- (see [ 3 ] ) .  The use of t h r e e  known po in t s  i n  an elementary c e l l  t o  ob ta in  a 
four th  allows a wide l a t i t u d e  i n  t h e  s e l e c t i o n  of t h e  diagram. 

p r i sma t i c  diagram can be found f o r  example, i n  [4, 51. 

The idea  of a 

Here we propose a d i r e c t  method of c h a r a c t e r i s t i c s ,  which i s  a d i r e c t  

gene ra l i za t ion  of a two-dimensional method [ 6 ] .  Derived information is  ordered 

according t o  one of t h e  va r i ab le s  ( d i s t r i b u t e d  i n  meridional p lanes) ,  which 

d i s t ingu i shes  the  given method from t h a t  proposed i n  [ l ,  21. This diagram 

*Numbers i n  t h e  margin i n d i c a t e  pagination i n  the  fore ign  t e x t .  
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d i f f e r s  from the  one used i n  [7] by being d i r e c t ,  i . e . ,  i n  the  ca lcu la t ion  

process c h a r a c t e r i s t i c  surfaces  a re  constructed and i n  place of  tr igonometric 

representa t ion  of parameters by one var iab le ,  a f i n i t e  d i f f e r e n t i a l  approxi- 

mation along a c e r t a i n  vec to r  lying i n  the  c h a r a c t e r i s t i c  surface i s  used. 

Generally speaking, t h e  diagram is  impl i c i t  i n  t h a t  d i r ec t ion .  

/1414 

For unknown funct ions we w i l l  examine pressure p,  enthalpy i and two 

The unknown funct ions a re  
2 2 

corners o f  ve loc i ty  vec to r  V ' in  a cy l ind r i ca l  system of coordinates x, r, $ 

(V = V l ( l  + n2) (1  + 52)]-1/2{1, rl, - 54 (1 + ~ ~ ( 3 . 3 .  
r e l a t i v e  t o  input parameters (p i s  re la t ive t o  p,V, , i--k V- ) ,  l i n e a r  

dimensions t o  a s p e c i f i c  dimension of  a body ( fo r  example, t o  t he  radius  o f  

a sphere);  x is  read o f f  from the  forward poin t  of t he  body; angle 4 is  read 

o f f . s o  t h a t  t he  input  flow ve loc i ty  vector  v 
V =  COS.^^, - - s in  a cos 4 ,  s i n  a s i n  4 )  where ct i s  t h e  angle of incidence.  

The i n i t i a l  system of equations es tab l i sh ing  t h e  i d e a l  flow of gas i n  these  

var iab les  i s  given i n  [SI. 
numerical diagram. 

l i e s  i n  the  plane $I = 0.  We have 
00 

03 

We w i l l  convert t h i s  system t o  work out  a 

n 

Figure 1 .  Figure 2. 

Suppose we a re  given continuous curve I' of  t h e  three-dimensional type with 

tangent ia l  u n i t  vec tor  b (Figure 1 ) .  Through curve r w e  d i r e c t  c h a r a c t e r i s t i c  

plane P.  

$ = const ,  i . e . ,  = 0. We resolve a and b i n t o  tangent vectors  -c(t) and 

a ( t )  of surface P,  where -r(t) i s  d i rec ted  along the  b i c h a r a c t e r i s t i c s ,  a ( t )  is  

We d i r e c t  u n i t  vec tor  a, tangent t o  sur face  P and lying i n  plane 
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perpendicular  t o  .c(t) and t o  the  c h a r a c t e r i s t i c  normal n ( t )  (see [9] ,  and 

t E [0,  2x1 .  Evidently t h e  following co r re l a t ions  take p lace .  

a = T cos p + 0 sin p, b = T sin Y + o COS v, m ( t )  = 0, bn ( t )  = 0. (1) 

From the  l a s t  co r re l a t ion  we f i n d  parameter T. Note t h a t  t h i s  equation 
has two roo t s  i n  t h e  i n t e r v a l  t E [0 ,  2.1 f o r  wave planes and one f o r  t he  
flow plane.  From t h e  t h i r d  equation we f i n d  the  vec to r  a = {s in  A, s i n  A,  0 ) .  

Then corners v and p a r e  determined by co r re l a t ions  CQS 1-1 = a T ,  s i n  p = ao,  

cos v = bo, s i n  v = b.c. 

wr i t t en  i n  the  form 
Then the  equations common t o  the  wave planes can be 

where sin t cosv - sin E cos t sinv sin t sin p - sin E COS t COS {L 
P 

(1 + V)1(1+ C2) 
c, = , D i =  1 

(1 + q2)?(1 f f") 
cos t sin j~ + sin E sin t COS. 11 

1 4- z2  

COS t cos p - sin E sin t cos p 

1+5" 
, Dz=- 1 cz = 

. -  
h A ( 5  cos t - tg ~ ) q  )1(1+ 5 2 )  + 5 2  sin - t 

r(i + p ) 1  [(I -i- ?I?) (1 + tg' E ) ]  
. c 3 = -  cos v7 D3 = -sin p, F = 

tg E t g  E 

and those  commen t o  the  flow plane 

where 

CJO = -A sin Y, D30 = -'i cos p, 
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E 

Here s i s  t h e  coordinate ( length o f  t he  a rc)  along vec tor  a ,  along vector  b ,  

A = p/pV , Z = pi /p ,  P = In p ,  I = In i, tan  E = (M 

Mach number. 

numerical diagram. 

/ 1 4 1 i  
2 2 - 1]-1/2, M is  the  loca l  

These equations a re  a l so  t h e  i n i t i a l  ones f o r  s e t t i n g  up t h e  

N 

Figure 4 

Figure 3 

Now w e  have t h e  problem of numerical so lu t ion  of t he  equations f o r  t he  

gas dynamics i n  t h e  supersonic region l imi ted  by t h e  previously unknown 

shock wave and the  body according t o  t h e  i n i t i a l  da t a  on a c e r t a i n  charac te r i s -  

t i c  surface ABCDLK (Figure 2) .  

We w i l l  construct  a numerical diagram which i s  a d i r e c t  inference of t he  

two dimensional c h a r a c t e r i s t i c  [ 6 ] .  The products along vector  b a re  replaced 

with f i n i t e  d i f f e r e n t i a l  r a t i o s .  A second ( o r  f i r s t )  family ca l cu la t ing  l a t t i c e  

CL i s  constructed,  and s t e p  by s t e p  t h e  so lu t ion  i s  found i n  the  region bounded 

by unknown shock wave CE and body sur face  LW. 

have a p i c t u r e  as  shown i n  Figure 3 .  
c h a r a c t e r i s t i c .  

In each plane 4 = const we w i l l  

The surfaces  f ixed  by CL and LE a r e  

Now examine t h e  elementary core of d i f f e r e n t i a l  l a t t i c e  (Figure 4 ) .  

Equations (2) ,  taken f o r  two values of  parameter t ,  a r e  described along l i n e s  

1-5 and 2-5, while equations (3) a re  along 0-5. These curves are the  essence 

of the  in t e r sec t ion  of t he  corresponding c h a r a c t e r i s t i c  sur faces  with planes 

0 = const,  and have equations which a r e  wr i t t en  i n  d i f f e r e n t i a l  form 
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r5 - ri 
-- - tg hi, i = 0,1,2, 
325 - 5;  

0. D6h 

0.05- 

0.04, 

(4) 

family. Then w e  begin t h e  ca l cu la t ion  

of each l a y e r  from t h e  shock-wave po in t  

If t h e  i n i t i a l  da t a  a r e  known f o r  t he  

c h a r a c t e r i s t i c s  of t h e  first family, 

then c a l c u l a t i o n  begins with t h e  po in t  

- 

p+z//z / 
y-%---5--- 

/ - 
y - 4  

where t a n  X i s  defined by t h e  t h i r d  equation of (1).  

Now we wr i t e  equations (2) and (3) i n  t he  d i f f e r e n t i a l  form: 

Subscr ip t  "5" r e l a t e s  t o  t h e  parameter i n  l a t t i c e  po in t  5; t he  s u b s c r i p t s  1 1 - 1 1  

and Ir+tt i n d i c a t e  t h a t  t h e  func t ions  belong t o  t h e  preceding o r  subsequent planes 

r e spec t ive ly  with respec t  t o  t h e  sub jec t  plane (p = 4 
f k  take average values of t h e  corresponding parameters i n  po in t s  i and 5 i n  

planes (po = A $ .  Coeff ic ien ts  C and D i n  equation (5) and t a n  X i n  equation 

(4) are computed according t o  t h e  average values of  t h e  parameter i n  po in t s  i. 

Qua l i t a t ive ly ,  t h e  values 0 '  

i i 
j j i 
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Corresponding t o  [3] ,  using (5) where i = 1 and t h e  condition nb = 0, we 
obta in  the  equation f o r  determining q 5: . - .  

Carrying the  f irst  family c h a r a c t e r i s t i c  ou t  t o  i n t e r s e c t i o n  with t h e  

. shock wave, w e  f i n d  t h e  coordinates of po in t  5. Then, solving equation (6), we 

f i n d  q5, and from c o r r e l a t i o n  nb = 0 ,  we determine w 

t h e  first approximations of parameters n 5, c5, P5, and Is t h e  po in t s  of t he  shock 

wave f o r  a l l  4 by known formulas ( see  [8]) .  

t h e  parameters a t  t h e  preceding l aye r .  

neu t r a l i zed  parameters. 

w e  f u r t h e r  c a l c u l a t e  i n  5' 

Then f o r  a zero approximation we t ake  

Then we r epea t  t he  ca l cu la t i ans  using 

Calcula t ing  po in t s  within t h e  flow. From po in t s  1 and 2 (Figure 4) w e  /1417 

ca r ry  out t h e  c h a r a c t e r i s t i c s  ( i n  t h e  first approximation f o r  parameters i n  

po in t s  1, 2) t o  i n t e r s e c t i o n  a t  po in t  5 .  Solving system (4), we determine 

t h e  parameters n 
taken according t o  t h e  neu t r a l i zed  parameters i n  p o i n t s  1 and 2 ,  and then, 

car ry ing  the  flow l i n e  backwards from po in t  5 ,  we f i n d  po in t  0 and t h e  

. Then the  i n i t i a l  values f o r  t h e  flow l i n e  is  5: c5J p5' I5 

'i parameters i n  it of t h e  l i n e a r  i n t e r p o l a t i o n  between po in t s  1 and 2.  After 

ca l cu la t ing  a l l  p o i n t s  5 i n  l i n e  N (Figure 4) f o r  a l l  $ i n  t he  f irst  approxi- 

mation, we repea t  t h e  ca l cu la t ing  process,  t h i s  time ca l cu la t ing  t h e  c o e f f i c i e n t s  

by the  cen te r  values of t h e  parameters i n  po in t s  i and 5 ( i = 0,  1 , and 2).  

Calculating t h e  po in t s  on t h e  body. Let t h e  body be given by equation r = 

= rT(x, +). Then t h e  condition of nonincursion on t h e  body can be w r i t t e n  i n  t h e  

f om 

The method of ca l cu la t ion  i s  analoguous t o  t h e  preceding one, but i n  p lace  of 

c o r r e l a t i o n  along l i n e  1-5 one must use  t h e  nonincursion condition of t h e  body. 

/1418 

Calcula t ion  was made according t o  t h e  algorithm described above f o r  

t h e  supersonic region between the  shock wave and the  body from a c e r t a i n  

i n i t i a l  c h a r a c t e r i s t i c  su r f ace  of t h e  second family. 

To v e r i f y  t h e  method we ca l cu la t ed  t h e  flow around a cone with a h a l f  

angle of + = 10" and with sphe r i ca l  t runca ted  a t  an angle of incidence of c1 = 

= S o ,  while Mm = 6. Calculations were made f o r  25 p o i n t s  i n  the  c h a r a c t e r i s t i c  
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I 

2 

and 11 poin ts  on 

of flow around a 

angle a. Figure 

the  angular coordinate.  I n i t i a l  da t a  were taken from t h e  case 

sphere [ l o ] ,  and then the  system of coordinates was ro t a t ed  t o  

5 i l l u s t r a t e s  the  pressure  p r o f i l e  t ransverse  t o  t h e  shock 
l aye r  i n  cross-sect ion x = 5.8264 f o r  t h ree  planes 4 = 0, ~ / 2 ,  T .  

c l e a r l y  seen t h e  break i n  the  product along the  c h a r a c t e r i s t i c  sur face  going 
from t h e  break l i n e  i n  the  curved contour of t he  body. 

t he  l a t t i c e - c h a r a c t e r i s t i c  method, wherein the  da t a  from [9] a r e  ind ica ted  by 

Here is 

Comparison was made with 

and from [ll] by "x". 

Let us look a t  t he  r e s u l t s  of ca l cu la t ion  of flow around a round cy l inder  

t runca ted  along an e l l i p s o i d  r o t a t i o n  with a semiaxial  r a t i o  of 6 = b/a  = 1.5 

f o r  a = 5" and 10' and M, = 10. 

ca lcu la t ions  of the  subsonic and t ranssonic  region given i n  [E]. 
I n i t i a l  da t a  f o r  t h i s  case are taken from 

Linear 
. dimensions r e l a t e  t o  the  g r e a t e r  semiaxis b .  

To extend t h e  ca l cu la t ion  i n t o  the  supersonic  region we took 17 po in t s  

on t he  c h a r a c t e r i s t i c  and 11 poin ts  on the  angular coordinate.  

t h e  flow p i c t u r e  i n  t h e  plane o f  symmetry (a = 10").  
t r i b u t i o n  of pressure  along t h e  surface of t he  cy l inder  i n  th ree  planes 

Figure 6 shows . 
Figure 7 gives  the  d is -  

$l = 0, T/2, T (a = 5") .  
. a  

P 

F i g u r e  6 .  

1 By t h i s  method w e  have pro- 

posed and i n  p r a c t i c e  r e a l i z e d  

a new d i r e c t  diagram of charac- 

terist ics f o r  ca l cu la t ion  of 

three-dimensional gas flow. In  

construct ing c h a r a c t e r i s t i c  sur faces  

po in t s  are ordered along one of t h e  

var iab  l e s  ( d i s t r i b u t e d  on t h e  

meridional  p lanes) .  Comparison of 

t h e  r e s u l t s  of ca l cu la t ing  super- 

son ic  flow on a sphe r i ca l ly  trun- 

ca ted  cone a t  an angle of incidence 

by i n i t i a l  da ta  on t h e  c h a r a c t e r i s t i c  

su r f ace  with the  da t a  of o the r  

methods showed t h a t  t h e  method 
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Figure  7. 

suggested i s  a more accurate  

r e f l e c t i o n  of t he  preva len t  physi-  
cal  p a r t i c u l a r s .  

I t  i s  use fu l  t o  adopt t he  

method given i f  it is  necessary t o  

ex t r apo la t e  ca l cu la t ion  from 

the  i n i t i a l  d a t a  on t h e  character-  

i s t i c  sur face  o r  t o  obtain the  

i n i t i a l  da ta  f o r  o ther  methods on 

non-charac te r i s t ic  su r f aces ,  and 

a l s o  i f  one wishes t o  g e t  a pre- 

c i s e  physical  flow p i c t u r e .  

In  conclusion t h e  authors express t h e i r  g r a t i t u d e  t o  M .  M. Golomazov f o r  

the  permission t o  use t h e  ca lcu la t ions  of flow on t h e  e l l i p s o i d  of r o t a t i o n .  

December 1 2 ,  1968 
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